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Lepage's improvement scheme is a recent major progress in lattice QCD,
allowing to obtain continuum physics on very coarse lattices. Here we dis-
cuss improvement in the Hamiltonian formulation, and we derive an improved
Hamiltonian from a lattice Lagrangian free of O(a
2
) errors. We do this by the
transfer matrix method, but we also show that the alternative via Legendre
transformation gives identical results. We consider classical improvement,
tadpole improvement and also the structure of Luscher-Weisz improvement.
The resulting color-electric energy is an innite series, which is expected
to be rapidly convergent. For the purpose of practical calculations, we con-






Lepage's improvement scheme[1] is a recent major progress in lattice QCD,
opening the possibility to approach continuum physics on very coarse lattices.
In this paper we want to address the question how this improvement scheme
can be formulated for a lattice gauge theory in the Hamiltonian approach.
Although standard lattice gauge theory has been very successful over the last
two decades, there are areas where progress has been quite slow. Examples
are the dynamical computation of the S-matrix and cross sections, QCD at
nite baryon density, or the computation of QCD structure functions in the




. This situation calls for the development of new
methods, and in our opinion the lattice Hamiltonian approach is a viable
alternative [2] which should be explored. The Hamiltonian approach corre-
sponds to consider a continuous time, i.e. a
t
= 0. Similar ideas have been
pursued recently by workers in standard lattice gauge theory by considering




. This has the purpose to
improve the computation of the mass spectrum [1, 3].
As a rst step, we here restrict ourselves to the problem of improvement
in pure gauge theory. Let us recall that the improvement program by Lepage
consists of several steps, by starting from the Wilson action: First dening
a classically improved action, second performing tadpole improvement and
third introducing additional quantum corrections (Luscher-Weisz improve-
ment). We now discuss how to carry over these ideas to the Hamiltonian
formulation. Dierent strategies are possible, let us explain those for the
case of classical improvement.
Strategy 1: Construct the classical Hamiltonian corresponding to the clas-
sical Wilson action. Improve this classical Hamiltonian and quantize this
Hamiltonian according to the rules of canonical quantization. This yields a
classically improved quantum Hamiltonian.
Strategy 2: Starting from the classically improved Wilson action, construct
via the transfer matrix a classically improved quantum Hamiltonian.
Strategy 3: Starting from the classical Wilson action, construct rst the cor-
responding quantum Hamiltonian via the transfer matrix. This yields the
Kogut-Susskind Hamiltonian H(E;U) where U and E are the link variables
and their canonical conjugate momenta. The usual expansion in powers










(A)) up to correction of (a
2
). This Kogut-
Susskind Hamiltonian may be improved by adding corrections such that an
better agreement with this formal continuum limit operator is obtained.
Dierent strategies exist also for the further improvements (tadpole and
Luscher-Weisz) with respect to the quantum Hamiltonian. In principle, the
construction of these quantum corrections should start from new perturba-
tive calculations in the Hamiltonian framework. The coecients of a fully
improved action as given by Lepage can only be used as starting point for
the transfer matrix to obtain a fully improved Hamiltonian if the action is






In this paper we restrict ourselves mostly to a discussion of classical im-
provement. As a rst result we show explicitly that the rst strategy - the
canonical quantization of a classical lattice gauge theory - is a viable alterna-
tive to the second strategy - using the transfer matrix - leading to the same
quantum Hamiltonian, but in a more direct way.
The classically improved quantum Hamiltonian obtained in this way has
the mathematical structure of a kinetic part with an innite number of terms.
The reason for this structure is given by the fact that the inversion of a nearly
local matrix leads to a non-local matrix. This being an undesirable feature
from the point of view of practical calculations, we show that it is possible
to use the non-uniqueness of the improved action to obtain an improved
quantum Hamiltonian containing only nearest neighbor interaction terms.
Finally we discuss the structure of the quantum Hamiltonian related to
the tadpole and Luscher-Weisz corrections. The determination of the cor-
responding coecients, however, will be deferred to a future investigation.
Although we do not discuss the third strategy in detail, a fully consistent
computation of the quantum corrections should eventually lead to the same
result as the rst two strategies. Note that we discuss here only the im-
proved Hamiltonian for the purpose to compute the spectrum. The general
existence of such improved Hamiltonians is discussed in standard many-body
theory in the context of model space calculations ([15, 16]). Like in the action
formulation general observables require particular improved operators.
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Calculations of the glueball spectrum using the coupled cluster method
based on the standard Kogut-Susskind Hamiltonian have been done by Luo
et al. [8] and Schutte et al. [9]. An incorporation of an improvedHamiltonian
should be possible and one would expect reliable results already in lower order
of the coupled cluster truncation compared to the standard Kogut-Susskind
Hamiltonian. Calculations in this direction are under way[10].
2 From Wilson action to Kogut-Susskind
Hamiltonian
2.1 Canonical method via Legendre transformation
Before deriving the improvedHamiltonian, we describe in a pedagogical man-
ner how to obtain the standard Kogut-Susskind lattice Hamiltonian [4] from
the classical lattice Lagrangian using the Legendre transformation [5, 6, 7],































Here the notation of Ref.[13] has been used, i.e., t   2 stands for time-like










For later use we need to distinguish between the Euclidean and Minkowski ac-
tion as well as Lagrangian. Its relation is dened, when going fromMinkowski





















. Thus the Euclidean


























































(x; t) denotes a space-like plaquette where the rst link goes in direc-
tion i and the second link goes in direction j, and U
i0
(x; t) denotes the corre-








for plaquettes. In the temporal gauge U
0
(x; t) = 1, the time-like plaquette
becomes a function only of the link variables U
i

























We want to construct a classical Lagrangian dening trajectories of gener-
alized coordinates U
i
(x; t) and generalized velocities, where the variable t is
now continuous. We assume that the action corresponding to this Lagrangian
is given by the continuum limit a
t
! 0 of the lattice action which also yields
the dependence on the generalized velocities.
In order to construct this Lagrangian, we introduce a Taylor expansion



































































Tr[ _q(t) _q(t)]: (5)




(x; t), and we have introduced a gener-
alized velocity _q (corresponding to the angular velocities of the classical top


































=2. Going to the
limit a
t
! 0 and performing a transition from Euclidean to Minkowski space



































(x; t). For a classical canonical formulation





































































































(x) is the approximated color-electric eld on the lattice.
To quantize this classical theory, we proceed according to the rules of
quantization of the classical top theory[14]. This results in the prescription
that the quantum mechanical states are functions of the link variables U
i
(x)
and that the canonical conjugates E
i
(x) become the operators of innitesimal
left multiplication. A generalization of the standard quantum mechanical





























Variables corresponding to dierent lattice links are considered to be inde-





































yield a representation of the gauge group
SU(N
c
), we obtain for the E
j














The quantization of the classical Hamiltonian, Eq.(9), by use of the commu-
tation relations Eq.(11) gives the standard quantum Hamiltonian of Kogut
and Susskind.
6
2.2 The transfer matrix method
The construction of the Kogut Susskind Hamiltonian from the Wilson action
via the transfer matrix method has been rst established by Creutz[13] (see
also Ref.[11]). Here we recall the basic steps which may be used also for the
























is kinetic part of the Lagrangian which couples the system at time
t to that at time t+ a
t
. Invoking the Baker-Cambell-Hausdorf formula and
going to the limit a
t






where the nontrivial part H
0
is related to L
0
via the functional integral kernel
of the corresponding time evolution operator (transfer matrix formalism).
Let us recall that relation for the simple example of standard one-body




















), q = q(t). The discrete time-evolution, which relates the
generator H
0
to the kernel L
0




















































In this case, and also for the case of scalar eld theory [12], this integral is
analytically computable for nite a
t




In order to clarify the notations and the particularities for non-abelian
gauge eld theories, we rst recall how to obtain from the transfer matrix
method the standard Kogut Susskind Hamiltonian. We start by the decom-
position of the action as given by Eq.(1) and introduce the temporal gauge.

































(x; t)  h:c:): (19)
Here L
0
corresponds to the kinetic part and L
1
to the potential part, respec-
tively. The kinetic part of the Lagrangian is given by the plaquettes involving




































where U corresponds to the time slice t and U
0
to the time slice t + a
t
,
respectively. It is well known that the quantum mechanics of SU(N
c
) gauge
theory and that of the quantum mechanical top are closely related [4, 14].
Thus the relation between the wave function at time slice t and time slice
t + a
t
, in analogy to Eq.(17), involves the standard color electric operators
E













where the numbers !



















The analogy to Eq.(18) the Hamiltonian H
0





























(V ) is given by Eq.(20). We use the invariance of the Haar measure
yielding dU
0




be treated as commuting with U and U
0
. The integral in Eq.(23) can not be
evaluated analytically for nite time translations a
t
. However, for the deter-
mination of H
0
one may consider the limit a
t
! 0. In this case, the variables
























Writing the group integral
R



















































Taking the sum over the space-like links this reproduces the standard kinetic
















3 Classical improvement of Kogut Susskind
Hamiltonian
3.1 Continuum behavior of classical improved action
TheWilson action reproduces the classical continuum action only up to errors
of O(a
2
). It is possible to add to the Wilson action new terms such that these
O(a
2
) errors are canceled [17, 18, 1]. In order to construct the corresponding





a. We rst discuss the classical continuum behavior of the Wilson action.







































For convenience, the continuum limit of a loop is expressed in terms of the




According to Ref.[1] for time-like plaquettes one has to consider the path
ordered integral
I



























































































































































In order to compensate these O(a
2
) errors, Lepage[1] has proposed to add



























































































































































































Secondly, one has a 2a
t



















This term corresponds to advancing two steps in time direction. The
conventional transfer matrix corresponds to an advance of a single step in
time direction. Thus it is not compatible with the denition of the transfer
matrix. We may disregard this term because the improvement terms in the
Lagrangian are not uniquely determined[1]. Taking into account only the
rst term is sucient.
Therefore, we make the following ansatz for the classically improved Eu-








































































3.2 Improved Hamiltonian via Legendre transforma-
tion
Now we proceed as in sect.(2.1) to construct a classical Lagrange function


















































































































































































































































The matrix M is not symmetric. However, it can be shown that only the






























































are real, symmetric matrices.




















































































The color-electric eld E

is given by the conjugate momentum, being related





















The color-electric eld, obeys commutation relations with the link variables
given by Eq.(11).
3.2.1 Hopping expansion and algebraic properties of M
sym




an innite number of terms enters into the Hamiltonian. In
13
analogy to the hopping parameter expansion [11], which expresses the prop-

































































involves only link variables between next neighbor lattice sites,
higher powers of K
sym
















































































































































































































































































































vanish except when n and p are both even or both odd.


































As result, starting from an improved Lagrangian with a nite number of
terms, one obtains for the improved Hamiltonian an expression given by an
innite number of terms.
In the following we will explore more of the algebraic structure of M
sym




This will be useful in what follows. We introduce
J
;






































J = 1; (56)























































(1 + CJ)(1 + CJ
t
); (58)








Solutions are C =  7  4
p
3. Note that J being a real, orthogonal matrix,
which has eigenvalues of modulus one, and jCj 6= 1, thus the matrix M
sym
can be inverted and M
 1
sym
is well dened. Moreover, we note that M
sym
is
a positive denite matrix. This can be seen directly from Eq.(58), which
factorizes M
sym
into a matrix times its Hermitian conjugate. Also, a lower















jj  1. Then an arbitrary state vector  of unit norm yields
j < jR
J
j > j  1. Then Eq.(57) implies
< jM
sym

















j >  1; (60)
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showing also that M
sym
is positive. To summarize the properties of M
sym
,
this is a real, symmetric, positive denite and non-singular matrix. This
property is needed for the construction of the Hamiltonian via the transfer-
matrix, in particular for doing the Gaussian integral.
Factorization of M
sym
, via Eq.(58), allows to express the kinetic energy
term H
0


































































(x)    ]
2
: (61)
Note that this is an expansion in terms of C and J .
Analytic expressions for the coecients of the hopping expansion can be









































































Comparison of coecients yields










if n is even;
zero else;


























3.3 Improved Hamiltonian via transfer matrix
We start from the classically improved Euclidean Lagrangian, given by
Eq.(35). It is built from space-like plaquettes P
ij
, time-like plaquettes P
i0




. We now want to show
that the transfer matrix method yields the same Hamiltonian as has been
obtained in the previous section via Legendre transformation. Let us con-
sider the time-like part of the Lagrangian, which yields the kinetic part of
the Hamiltonian. The space-like part yields the potential part in a trivial







































using the notation V
i
(x; t) = U
i











































The Hamiltonian is dened via the transfer matrix like in Eq.(23). Because
we consider a
t
! 0, the group integral will be dominated by group elements
of SU(N
c
) in the neighborhood of the unit element. Thus one can expand
the group elements V
i







(x; t) = exp[i!
x;i






















. Thus we arrive at
Tr[V
i
(x; t) + V
y
i





















(x; t) + V
y
i













) + const: (70)



















































) + const; (71)






































One should note that the matrix J is not symmetric. However, to the La-






















, being real, symmetric





































































































































in agreement with the result, Eq.(43), obtained via Legendre transformation.
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4 Improved Hamiltonian given by nite num-
ber of terms
As was shown in the previous section, the kinetic energy of the classical im-
proved Hamiltonian obtained directly from Lepage's action is given by an
innitive series of terms. Even though the series is rapidly convergent, such
an Hamiltonian is too complicated for a practical calculation. Recalling that
the purpose of classical improvement is to push the O(a
2
) error to order
O(a
4
), we show here how to construct a simpler improved Hamiltonian cor-
responding to a nite number of terms to achieve such a goal. In the previous
section we have seen that the innite number of terms in the Hamiltonian
arises due to the inversion of the matrixM
sym
, which itself has only a nite
number of terms. Thus it is plausible that in order to obtain a Hamiltonian
given by a nite number of terms, one needs to start from a Lagrangian
corresponding to a matrix M
sym
with an innite number of terms. Such a
construction is possible, because the Lagrangian leading to improvement is
not unique. We start by considering the following type of Wilson loop, which









































































. The path-ordered integral of
such a Wilson loop is given by
I



































































































































One veries for n = 1 that Eq.(79) coincides with Eq.(33), as should be.




































In order that the usual continuum limit of the Lagrangian is obtained and
the O(a
2
) error is canceled, we imply from the continuum behavior of P
i0
,
Eq.(29), and of R
ni;0





























] = 0: (82)












results in a simple expression of the Lagrangian expressed in terms of gener-






























































+ 1 = 0: (86)














6 =  0:101021   . In order to obtain
the kinetic energy, we express R
ni;0

















































































































































































































To nd the kinetic energy of the improved Hamiltonian, it is convenient to




































































































j 6= 1, e.g. C
0
0




a real, symmetric, positive and non-singular matrix. Finally, we obtain the




































































































































It consists of only two terms, which makes it convenient for practical calcu-
lations.
5 Tadpole Improvement
In the preceding section, we derived a classically improved Hamiltonian for
gluons with O(a
2
) corrections. A very important step of the improvement
program is to take into account quantum corrections corresponding to tad-
pole diagrams. Without such improvement, only part of the O(a
2
) errors are
canceled. According to Lepage and Mackenzie, most of the tadpole contri-
butions can be removed by dividing each link operator U

by the mean u










= 1 for time-like directions. In the Hamiltonian formulation, the mean u
s











i is the vacuum of the improved Hamiltonian. Thus tadpole im-










































































where we put g = g
t
in Eq.(80). For the transition to the Hamiltonian these
redenitions of the coecients can be taken over yielding for the \two-term"
24


































































































Here, we have introduced dierent couplings in the kinetic and potential
terms in order to allow for a \speed of light" correction as discussed in Ref.[23]
(see below).
6 Further perturbative improvement
Tadpoles have been identied as an essential part of the problem when ap-
proaching the continuum limit of quantum eld theory on the lattice. A
systematic perturbative calculation on the lattice has been performed by
Luscher and Weisz[20]. This leads to the determination of additional terms in
the Lagrangian needed to compensate errors. It turns out that such a further
improved Lagrangian (for details see Ref.[19]) contains the same plaquettes
and planar rectangle loop terms which occurred before, but with suitably

















































The structure of the corresponding improved Hamiltonian can be inferred
from the improved Lagrangian as before: One introduces dierent lattice
spacings a
s
= a and a
t
and constructs the Hamiltonian by Legendre transfor-
mation and canonical quantization. Here, we refrain from discussing details
and only give the general structure of emerging Hamiltonian.
(1) The plaquette and planar rectangle loop terms will give a part of the im-
proved Hamiltonian which has the same form as before, only the weights of
the individual terms will be dierent.
(2) The space-like parallelogram loop terms (i.e.  space-like) will yield a
corresponding additional term in the potential part of the Hamiltonian.
(3) The time-like parallelogram loop terms (where either  or  or  is time-
like, the other two indices being space-like) produce a large number of dier-
ent contributions to the Hamiltonian (with well dened weights). The nal
result for the improved Lagrangian has the structure
L = L
t






























A new feature is the occurrence of a term linear in _q. As before, M(U) is a
symmetric matrix of the form
M = 1 +
~
M; (105)
allowing the denition of M
 1
by a geometric series expansion. Legendre







































For the purpose of a numerical calculation, in particular for a comparison
with lattice Monte Carlo results, the following points are important:
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(1) As discussed in Refs.[22, 23], the scales related to the regularization of
the gauge eld theory in the Hamiltonian formulation as opposed to the
Euclidean path integral formulation are dierent. This dierence can be
accounted for by introducing spacelike (g
s
) and time-like couplings (g
t
) which
have a well dened relation to the "Lagrangian coupling" g. In one-loop














depends on the space-time dimension and on the type of the gauge
group and is given in detail in Refs.[22, 24, 23].
(2) Because of this dierence in the nature of the lattice regularization, all
perturbative calculations which determine some non-classical improvement
in the sense of Luscher-Weisz have to be redone. Such a calculation can be





(3) Tadpole improvement which has been considered by Lepage[19] in the
Lagrangian framework corresponds in the Hamiltonian framework to an ex-
pression given by Eq.(99).
(4) A systematic determination of the Luscher-Weisz improvement terms on
asymmetric lattices in the Hamiltonian framework has still to be done. Since
these additional corrections turn out to be small in the standard Euclidean
framework (see Ref.[19]) - the most important correction coming from the
inclusion of the tadpole terms - in should be worthwhile to work with the
improved Hamiltonian given by Eq.(99), e.g., for the numerical simulation of
glueballs.
To summarize, we have investigated in this paper two schemes of improve-
ment of the Kogut Susskind Hamiltonian: If one starts from Lepage's La-
grangian, which is preferable for Monte Carlo simulations in the Lagrangian
formulation, the corresponding Hamiltonian is given by an innite series of
terms which contain terms with arbitrary long range. In contrast, we have
shown that by starting from a suitable Lagrangian with an innite number
of terms , one can get an improved Hamiltonian consisting of a nite small
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